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Abstract. 

We give a relativistically covariant, wave- functional formulation of Bohm's quantum 
field theory for the scalar field based on a general foliation of space-time by space-like 
hypersurfaces. The wave functional, which guides the evolution of the field, is space- 
time-foliation independent but the field itself is not. Hence, in order to have a theory 
in which the field may be considered a beable, some extra rule must be given to 
determine the foliation. We suggest one such rule based on the eigen vectors of the 
energy-momentum tensor of the field itself. 



1. Introduction 

In this paper we begin by deriving a suitable expression for a scalar Hamiltonian of a 
real classical scalar field on a space-like hypersurface. This is an essential difference from 
Bohm's starting point which takes the time component of the total four-momentum as 
the Hamiltonian and implicitly assumes the space components are zero. This implicitly 
introduces a preferred frame of reference and hence a non-covariant theory It is therefore 
not surprising that Bohm finds the vacuum field to be stationary in one particular frame 
only. In addition, an arbitrary foliation of flat space-time by the equal-time hyperplanes 
of the chosen frame was tacitly assumed. Such a procedure obviously conflicts with 
the requirements of a relativistically invariant theory. Formulating the theory in a 
fully covariant manner makes apparent the dependence of the field evolution on the 
foliation of space-time and emphasizes that this has nothing to do with the arbitrary 
frame of reference used to describe the system. We proceed to quantise the field on a 
general hypersurface and to develop the form of the wave functionals of the quantised 
field. We show how to apply the Hamiltonian density to the wave functional and give 
two explicit examples. We then demonstrate how one may integrate the equations of 
motion to calculate the evolution of the Bohm field over an arbitrary family of space- 
like hypersurfaces. Noting that the foliation-dependence of the field is somewhat at 
odds with the desire to produce a theory of beables, it is clear that some extra rule is 
required to determine the foliation f. We propose that, given some "initial" space-like 

| Duerr et al pQ have previously discussed the need for some additional structure to determine the 
required foliation of space-time in the context of their Bohm-Dirac particle trajectory model. 
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hypersurface, and the field thereon, the foliation may be determined in a natural way 
using the flows of energy-momentum determined by the field itself. 



2. Covariant Formulation of Quantum Field Theory 



As shown by Schwinger [2] the evolution of a state vector \&[(r] on a space-like 
hypersurface a is given by an equation of the form 



4*M = w(*)*m 



Sa(x) 



(1) 



where 7i(x) is an invariant (scalar) function of the field quantities §. This result 
guarantees independence of the evolution with respect to foliation by a family of space- 
like hypersurfaces (a). Assuming a continuous family a ordered by a scalar time- 
parameter t (only a label!), one may integrate the equation over one of the surfaces 
to give 

d^ 



dt 



-gd d xH(x)^ 



(2) 



One may obtain a suitable energy density y/—gH, proceeding classically at first, by 
considering the action principle with variation of the boundaries of a four- dimensional 
region and the field quantities [H|,[I|. One takes as action (J) 



/ —gd 4 xL 



(3) 



R 



where L is the Lagrangian and R is a four dimensional region of space-time. Denoting 
the unit normal 4- vector to the space-like hypersurface (er) by n^, the variation in R 
may be written as 



da^dx u = 8fln ll n 1 ' 



(4) 



where dx v is a displacement normal to a and 8Q is the magnitude of the change in four 
volume. Hence 



8 / v '—gd 4 xL = / v '—gd 4 x8L + / Ldo^dx 1, 
Jr Jr Jb 



(5) 



where B is the boundary of R. Assuming that the field equations are satisfied by the 
field quantities ((f) a ) one gets 



which gives 



81 



81 



da,, 



B 



dL 



dL 



a +[g^L- d v( f> a 



dL 



dx u 



where ir n is the momentum and 



7T n 



*L-L 



(6) 



(7) 



(8) 



§ Schwinger goes on to make a special choice for Tt(x) which yields what he then refers to as the 
interaction representation. We do not follow him in this but stay with general condition Q 



A relativistically covariant version of Bohm 's quantum field theory for the scalar field 3 
and 

No restriction on the foliation is required ||. 



3. Real Scalar Field 



In the case of a real scalar field the energy density is given by 



-gH 



— 1 

- 9 2 



(n x d x <p) 2 + d j 0<f) + m 2 <j)' 2 



(10) 



with n x d\(f) = Ti the momentum ^f. The metric tensor g^ u adapted to the slicing of space 
and time in terms of a lapse function N and shift vectors is given by 



N 2 - N S N S 



-N k 

_(3) 



9ik 



and 



j_ 

N 



-N k 
N 



(11) 



(12) 



where n x is the unit normal to the hypersurface a. When integrating 7i over a given 
hypersurface a the term (dj^d^cp + rn 2 (j) 2 ) may be replaced by a term ( K^<f> J where + 



Kcj) 



-g 



We assume that is self-adjoint. Using the usual wave equation 



one gets 



Dcb + m 2 







1 



-.do (V=gd\ 



(13) 



(14) 



(15) 



In general one does not have separation of space and time without restrictions on the 
metric. A static or stationary metric does enable such a separation and an analysis in 
terms of normal modes [7j. 

|| One can note that in terms of the canonical energy-momentum tensor one has (— J^) = n\T^n T 

which agrees with other authors [S], as to the energy density 

If The Latin indices refer to the coordinates on the space-like hypersurface a. 

+ see appendix 
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4. Quantization of the Real Scalar Field 

In the representation with <p(x) a multiplicative operator on a hypersurface a one 
introduces the momentum operator n which satisfies the covariant commutation relation 

.5(x - y) 



{x),ir(y)} = i- 



'-9 



(see [I| for details). One has, therefore, 

5 



-gn(x) 



or 



5cf)(x) 

1 5__ 

^gS(f)(x) 

One should especially note that 



TT(X) 



1 



s 



For convenience we set 



^g~d ?J xF(x)<p(x) = F(y) 



and 



— i- 



= X 
1 5 



—i- 



^-gO(p{x 
and introduce the operators 

1 



A + (x) 



A~(x) 



V2 



V2 



X(x) + 



5(j)g(x) 

5 

S(j)g(x) 



The Hamiltonian is then 



H 



^gd 3 xA + (x)A (x) 



(16) 

(17) 
(18) 

(19) 

(20) 
(21) 

(22) 
(23) 

(24) 



On flat space-like hypersurfaces this reduces to the conventional Hamiltonian jS], jU] 
and also the Hamiltonian used by Bohm jTU]. The commutation relation for x( x ) an d 
m{y) is 



Since 



then 



X(x) = 
8x(x) 



5 



K*(b) (x 



-gd 3 yG(x,y)(j)(y) 



G(x,y) 



(25) 



(26) 



(27) 
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One can then write in general 



— j3 S X(x) 

-gd 6 y- 



%)= [K*h)(x) 



(28) 



for functions h(y) in the domain of K^. A vacuum state is defined by 

A-(x)*q[<I>] = (29) 



*o[0] = exp 



gd x(p(x)x(x) 



(30) 



One can now form a set of functionals (not normalised) 
^ n [(/); h 1 ...h n } = 



1.1 (y/-9 ( ^ x m) K. 



A+(x n )A + (x n ^) . . . A + ( Xl )* [<l>] (31) 



The set of functions h± . . .h n label the functional and have the same domain as <j){x). 
To illustrate this process we generate *i[0; hi] and hi, h 2 ]. For ft-i] we have 

A + (^)e-5/V^^x 

5 



= V2x(zi)e~y ^ d3x<t>x 



e 2 



Hence 



*i [<f>; h] = V2 J ^d 3 zh 1 (z) X (z)e~^f ^~ 9d3 ^ x 

For \&2[0; ^1, ^2] we have 

A + (z 2 )A + ( Zl )^] 



(32) 
(33) 



= 7=2 { X(Z2) " 



5 



^ x(^i)e-2/^ d3a! ^ 



+ X(*2)x(2i) e 



Hence 



%(22) 

54>g(z 2 ) 



^2 [</>; 

= J {V=9~d 3 zi) {V=gd 3 z 2 ) A + (z 2 )A + ( Zl )^ [ 



(34) 



^d 3 xh 2 x 



f=g~d 3 xhi X * o [0] 



-gd s xhiK*h 2 * o [0] 



(35) 



As a special case one could consider a hypersurface with a set of orthogonal functions 
satisfying 



#3, 



(36) 
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and then choose the set of <p n to specify the functional. Putting <j) = Sg n n one gets 
^ l [ ( P;c) )n ] = V2q n u n e-^ q ' (37) 
^ 2 [0; <Pn, <Pm] = [2q n q m u n u m - co m 5 nm ] e _ 2 Eav9 ' (38) 

These are proportional to the usual Hermite functions of the mode coordinates q n . 

5. Action of the Hamiltonian density on a functional 

Taking the Hamiltonian density from (|24jl and applying it to the functional of (|31jl. 

A + (x)A-(x) [A + {x n )A + {x n _ l ) . . . A + ( Xl )% 

$x(x] 



A + (x) 



A + (x n )A-(x) + 



5(f) g (x n 

Repeating the process until A~ (x) operates on [4>] one gets 
5x(x 



A + (x n ^...A + (xi)* 



5<f)g (X n 

5x(x 



A + (x)A + (x n - 1 )...A + (x 1 )* [<l>] 

A+(x)A + (x n )A + (x n _ 2 ) . ..A+(x 1 )%[ ( f ) } 



\Xn— 1, 



+ ... 



Multiplying this last expression by h n (x n ) . . . hi (xi) and integrating 
one gets 

S m (J V^d 3 x (K*hm) (x)A + (x) 

h] (39) 

We illustrate the above with two examples of 7i applied to hi] and ^i\<p] hi, h 2 ]. 

Firstly, for ^i[cf>; hi] we have 

A + (x)A-(x) [A+(xi)^ [</>]] 

6x(x) 



A + {x) 
5x(x) 



6(f> g (xi) 
$x(x) 

56 q (Xi) 



A + (xi)A (x) + 
A + (x)^ [0] 



S(f> g (xi) 



*0 [</>] 



Multiplying by hi(xi) and integrating over x and Xi one gets 



y/2 



-gd 3 x\K 2 hi 



(40) 



Secondly, for ^ 2 [<p; hi, h 2 ] we have 

A + (x)A-(x) [A + (x 2 )A + (xi)^ [(/)]] 

5X ^ X) -A+(x)A+(xi) + f*[ X \ A + (x)A + (x 2 ) 



6(f)g (Xl) 



S(j)g (Xl)' 



*o [4>] 
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8(f>g (X 2 ) 
8(f>g (Xl) 



2x{x)x{xi) 
2x(x)x(x 2 ) - 



_ Sx(xi) 
5(f> g (x] 
8x(x 2 ) 

8(j)g (X) 



(41) 



multiplying by hi(xi)h 2 (x 2 ) and integrating over x, x\ and x 2 one gets 

* O [0] 



2 
+2 



/ 3 

— xxK?h 2 

„ 1 

y/-gd xxK^h 



^gd 3 xxhi 
\f^gd 3 xxh 2 



-gd 3 x (h 2 ) (Ktn 



^g~d 3 x (Kh 2 ) (hi 



(42) 



In general one will have to integrate (J2J) numerically since the lapse function (N) for 
the foliation may involve the scalar time-parameter t. Once a solution *&[o~] is obtained, 
the evolution of the Bohm field (pBohm on the given foliation a is determined by the 
usual Bohmian guidance condition JTUj 



'Bohm 



N dt 



Im 



|*WM 84 9 J (43) 

where successive leaves are labelled by the parameter t. In a de Broglie-Bohm type of 
theory the foliation should not be subject to an arbitrary choice but rather be determined 
by the physical properties of the system itself. (See section (JZj) for further details.) 



6. Integration of the "Schrodinger" equation for static and stationary 
metric 

In the case of a static or stationary metric one easily obtains the integrated wave 
functional in the form: 



which evolves to 



(44) 
(45) 



%r ■ ■ ■ , e- iK ^h^ 

(f) is the time independent scalar field of the Schrodinger picture. The result follows from 
the comparison of i^jp and equation which gives the integral J y^gd 3 xH(x)^ . 

To illustrate the procedure consider a family of space-like hypersurfaces with a set 
of orthogonal functions (j) n (x) such that 

(46) 



[x 



uj. 



x 



Let 



h = ^2b n (j) n (x) 



(47) 
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and 



4> = y^c ra w (x) 

Suppose that at t = 



Then 



where 



Therefore 



¥ t ^}=ao%[(l>} + V2a 1 



i 3 xxe~ K ^h 



M<f>] 



^ w [</>] = a o ^ o [0] + v^ax [J^W^e-*** 
^Bohm will be time dependent so we write 

4>Bohm = qn(t)(f>n 

Noting that from the definition of the vacuum, (|23jh (|29|) 



we have 



5(j)g(x) 

i <y^(*)[0] 



-X(s)*o[0] 



a + v^ai E 6 



(48) 
(49) 
(50) 

(51) 
(52) 
(53) 

(54) 
(55) 



Since in this example x is a real field, the guidance condition, equation ([ID]), yields 



1 



'Bohm 



N dt 



Im 



|#(')[0] 50 s 



-iuj n t 



0n(z)] 



a + v^ai E 6 



-tWnt] 



(56) 



The c n in equation (JHHj) must, of course, be the coefficients giving 4>Bohm at time t. 
7. Beables of the Field 

In constructing a theory of "beables"* one is free to choose the initial space-like 
hypersurface and field (ft Bohm thereon. Each choice corresponds to a different state 
of affairs. However, in integrating equation (}4*3*|) one needs to give an invariant rule 
constructing the next leaf of the foliation in order to get a definite (ft Bohm- One restriction 
is to choose to displace each point on the initial surface by equal proper times; the 
direction of the displacement will also need to be specified by a unit time-like four- 
vector [Wfj]. The construction of the foliation is shown in figure 1. The shift vectors 
are chosen to be zero as other choices only correspond to different coordinate systems 
on the surface 

ds 2 = N 2 dt 2 - dx i g ij dx j (57) 

* The concept of beables was introduced by J. S. Bell 
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The three velocity of the shift given by [W^] is 

the proper time along the shift vector is de, constant for all points on the surface and 
the proper time along the normal is Ndt. Therefore 

Ndt = decoshO (59) 

with 

coshO = 1 (60) 
VI — v 2 

It is convenient to choose N = coshO so that dt = de. In one spatial dimension one also 
has 

v 

9u = sinhO = (61) 
V 1 — v 2 



or, in general 



VT 



V 



2 



dx i g ij dx i = [ H 2 de ) (62) 



for displacements along the vector \W^\. If 

1 d(pBohm _ 5S . . 

on one leaf of the foliation at t then on the leaf t + dt at the same coordinate point [x % \ 

A(j) = ^. de = N ^L dt (64 ) 
Y dt 5<p g v ; 

One has interpreted as the momentum and, writing *&[(j>] = R[(j)]e tS ^\ replaced it 
by jjj- as in Bohm's original theory. 

One possible choice of W 1 is to follow the rule we have previously adopted in the 
many-particle case and use the time-like eigenvector of the energy-momentum tensor 
Tftu [121, [13; [HI- The T^ u will be that of a classical scalar field <fi but with replaced 

by (pBohm- 



8. Appendix 




This expression can be converted into an integral over a bounding surface which will 
vanish for suitable behaviour of y/—g<f)d k (J). Hence 



and 
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9. Figure Captions 



Figure 1. The construction of the foliation. 



